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Abstract 

The mechanism of generation of the Bekenstein-Hawking entropy S BH of a black 
hole in the Sakharov's induced gravity is proposed. It is suggested that the "physi- 
cal" degrees of freedom, which explain the entropy S BH , form only a finite subset of 
the standard Rindler-like modes defined outside the black hole horizon. The entropy 
Sr of the Rindler modes, or entanglement entropy, is always ultraviolet divergent, 
while the entropy of the "physical" modes is finite and it coincides in the induced 
gravity with S BH . The two entropies S BH and Sr differ by a surface integral Q 
interpreted as a Noether charge of non-minimally coupled scalar constituents of the 
model. We demonstrate that energy E and Hamiltonian H of the fields localized 
in a part of space-time, restricted by the Killing horizon E, differ by the quantity 
ThQ, where Th is the temperature of a black hole. The first law of the black hole 
thermodynamics enables one to relate the probability distribution of fluctuations of 
the black hole mass, caused by the quantum fluctuations of the fields, to the prob- 
ability distribution of "physical" modes over energy E. The latter turns out to be 
different from the distribution of the Rindler modes. We show that the probability 
distribution of the "physical" degrees of freedom has a sharp peak at E = with 
the width proportional to the Planck mass. The logarithm of number of "physical" 
states at the peak coincides exactly with the black hole entropy S BH . It enables us 
to argue that the energy distribution of the " physical" modes and distribution of the 
black hole mass are equivalent in the induced gravity. Finally it is shown that the 



Noether charge Q is related to the entropy of the low frequency modes propagating 
in the vicinity of the bifurcation surface E of the horizon. We find in particular an 
explicit representation of Q in terms of an effective action of some two-dimensional 
quantum fields "living" on E. 
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1 Introduction 



Searching for statistical-mechanical explanation of the Bekenstein-Hawking |l|-|§ entropy 
S BH of black holes attracted a lot of attention in the last years. In particular, one of the 
proposed ideas was to relate S BH to counting of quantum excitations of a black hole [Q- 
(12j . This suggestion, however, meets a difficulty because the Bekenstein-Hawking entropy 
arises at tree-level while the entropy of quantum excitations is a one-loop quantity. As was 
first pointed out in [ D| , this difficulty can be resolved in the Sakharov's theory of induced 
gravity [H|,[15|. According to the Sakharov's idea general relativity can be considered 
as a low energy effective theory where the metric g^ v becomes dynamical variable as the 
result of quantum effects in the system of heavy constituents propagating in the external 
gravitational background. Gravitons in this picture up to some extend are analogous to 
the phonon field describing collective excitations of a lattice in low-temperature limit of 
the theory. 

Surely, the Sakharov's approach does not provide us with a complete understanding of 
gravity at Planckian scales and it cannot compete, for instance, with superstring models. 
Nevertheless, it has a number of features, such as description of the graviton as a collective 
variable and absence of the leading one-loop divergencies, which, in accordance with our 
intuition, should be the key properties of more profound candidates to the role of quantum 
gravity theory. One may hope, in particular, that studying the Bekenstein-Hawking 
entropy in the framework of the induced gravity would give us some hints how the entropy 
can be explained in more realistic models and what is the origin of its universality. 

Recently we proposed a model Jl6| which illustrates explicitly how the black hole 
entropy S BH is generated in Sakharov's induced gravity. Namely, it was shown that S BH 
is directly related to the statistical-mechanical entropy Sr of the thermally excited gas 
of the heavy constituents (Rindler-like particles) propagating in the close vicinity of the 
black hole horizon 

S BH = S R -Q . (1.1) 

Both fermions and bosons give positive and infinite contributions to Sr, so that this 
quantity is divergent. An additional term Q in ( |1.1|) is proportional to the fluctuations of 
the non-minimally coupled scalar fields <p s on the horizon £ and is the average value of 
the following operator 

Q = 2-k^sI H^d 2 x , (1.2) 

s ^ S 

where £ s are the corresponding non-minimal couplings. The presence of such couplings 
is an important property of the model that allows one to induce the gravitational action 
with the finite Newton constant G. The remarkable property of the model is that for 
the same values of the parameters of the constituents, that guarantee the finiteness of G, 
the divergences of Sr are exactly cancelled by the divergences of Q. So in the induced 
gravity the right-hand-side (r.h.s.) of ( |1 . 1|) is always finite and reproduces exactly the 
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Bekenstein-Hawking expression S BH = A H /(4:G), where A is the surface area of the 
black hole. 

Let us note that the operator Q has a clear interpretation as a Noether charge. In 
Wald's approach |17fl Q is that part of the Noether charge which arises because of non- 



minimal couplings of the scalar fields (fi s [18]. This fact, being virtually unimportant for 



classical black holes which cannot have scalar hair [19], becomes crucial in the quantum 
theory where fields have non-zero fluctuations (4>g). The Noether charge interpretation 
also gives us a hint how the generalization of formula ( |1 . 1|) for the black hole entropy 
might look in more realistic models. 

Eq. ( [Lip shows that the entropy Sr of the thermal bath outside the black hole is much 
larger than the quantity S BH and thus it overcounts the degrees of freedom required to 
reproduce the Bekenstein-Hawking entropy. Also, as has been pointed out by several 
authors p0|-|l23|, on Ricci-flat geometries the entropy Sr ignores non- minimal couplings[J 



while massive fields contribution to S BH depends on constants £ s . 

In this paper we analyse the following two questions. First, what is the mechanism 
which enables one to separate the "physical" modes responsible for the entropy S BH from 
other thermal excitations, and, second, what is the statistical-mechanical meaning of the 
quantity Q in Eq.( |l.l| ). 



We begin with the observation that the Hamiltonian if of a non-minimally coupled 
scalar field calculated for the black hole exterior differs from energy E calculated with the 
help of the stress-energy tensor T^ v . The difference T H Q is proportional to the Noether 
charge Q, where T# is the Hawking temperature of the black hole. The quantity E 
defines the difference between the mass of the black hole at the horizon and the mass 
of the system measured at infinity. Thus for the fixed mass at infinity fluctuations of 
quantum constituent fields result in the quantum fluctuations of the black hole mass. 

On the other hand, the value of the Hamiltonian H coincides with the canonical energy. 
For a fixed temperature Rindler-like modes of constituents are thermally distributed with 
respect to the canonical energy. Hence the Hamiltonian H allows one to calculate the 
statistical-mechanical entropy Sr which enters Eq.( [L.l|) . Formula ( |1.1|) indicates that 
"physical" modes that are responsible for the black hole entropy S BH form a subset of 
the total set of the Rindler modes. We shall show that the difference Q between Sr and 
S BH is directly connected with the difference between the energy E and the canonical 
energy H and is defined by the fluctuations of the non-minimally coupled fields at the 
horizon. It will be demonstrated that Q is completely determined by zero-frequency 
("soft") modes of scalar fields propagating in the vicinity of the horizon. We shall also 

1 By imposing on the field near the horizon special boundary conditions depending on £ one can make 
Sr depending on £ as well. Moreover recently Solodukhin |24fl suggested such a scattering condition 



on the horizon which enables one to reproduce the term Q in the entropy (1.1). However the physical 
meaning of this scattering condition is not clear. 
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show that the statistical-mechanics of the soft modes is equivalent to a two-dimensional 
(2D) quantum theory of effective fields (fluctons) "living" on the bifurcation surface S. 

We argue that the leading temperature asymptotics of the canonical ensembles of 
Rindler, "physical" and soft modes in the induced gravity have a universal form because 
they are determined only by the behavior of the system near the horizon. It enables us 
to find for Ricci-flat backgrounds the distribution of the "physical" degrees of freedom 
explicitly. We show, in particular, that at the given temperature the probability distribu- 
tion of "physical" states has a sharp peak near the average energy E = with the width 
determined by the masses of the heaviest constituents of the induced gravity models. The 
logarithm of number of physical states at the peak is exactly the Bekenstein-Hawking 
entropy. 

Thus the proposed mechanism of the entropy generation in Sakharov's induced gravity 
implies that: i) the space of Rindler modes consists of subspaces of "physical" and soft 
modes, and ii) the density number of "physical" states at E = determines the degeneracy 
of the black hole mass spectrum. The obtained results confirm the consistency of these 
suggestions. 

The paper is organized as follows. In Section 2 we formulate the model of induced 
gravity and recall some results of Ref . [|i~6|1 that are necessary for our consideration. In 
Section 3 we discuss a non-minimally coupled scalar field defined on a part of black hole 
background restricted by the Killing horizon and find out the relation between its energy 
and Hamiltonian. In Section 4 we show that the fluctuations of a scalar field on the 
bifurcation surface £ of the Killing horizons is determined only by the contribution of 
the soft modes. We also obtain the canonical thermal average of {4> 2 )p for the Rindler 
space. The relation between the degeneracy of the black hole mass spectrum and spectral 
density of "physical" modes is discussed in Section 5. In Section 6 we calculate the 
spectral density of Rindler states and discuss its properties. Spectral densities of the 
soft and "physical" modes are found in Section 7. These results are used to obtain the 
probability distribution of the black hole mass and degeneracy of the black hole spectrum. 
In Section 8 and Appendix we demonstrate that the statistical mechanics of soft modes 
can be related to degrees of freedom of an effective 2D theory. Namely, we show that the 
charge Q is expressed in terms of a 2D effective action of some massive quantum scalar 
fields "living" on the surface S. Section 9 contains discussion of the results. 



We use sign conventions of the book [f25], and thus use the signature (— , +, +, +) for 
a Lorentzian metric. 
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2 Induced entropy of a black hole in Sakharov's in- 
duced gravity 

We recall that the starting point of the induced gravity approach is the equality 

exp(-W%„]) = yP$ i exp(-/[$ i ,^]) , (2.1) 

that expresses the effective action Wlg^} of the gravitational low energy effective theory 
in terms of a quantum average of the constituent fields $j propagating in a given exter- 
nal gravitational background g^ v . The Sakharov's basic assumption is that the gravity 
becomes dynamical only as the result of quantum (one-loop) effects of the constituent 
fields. 

A simple model convenient for the discussion of the problem of black hole entropy in 



s 



induced gravity was suggested in |16|]q This model is built of N s free scalar bosons 
with masses m s and of N d free fermion fields ip d with masses m d . The scalar fields have 
non- minimal couplings with constants £ s and their classical actions I[(f) s , g^] are similar 



to the scalar action which will be considered in Section 3, see Eq.(|3.1|). The fermion fields 



are the Dirac spinors tp d with the Dirac actions I[ip d , g^]. Thus effective gravitational 
action W^ffi^] is defined by Eq. (|2.12|) where the classical action for the constituent fields 
($i = {<f) s ,ip d }) is the sum 

/[$<, g^} = ]T I[(j> 8 , g^} + ]T I[1> d , g^} . (2.2) 

s d 

Consider now the following two functions 

Viz) = £mf -4$>^, 9(z) = E ™' 2 (1 - 66) + 2 £ mf (2.3) 

s d s d 

constructed from the parameters of the constituents. Direct calculations show that the 
induced cosmological constant vanishes and the induced gravitational coupling constant 
G is finite if the following constraints are satisfied 

p(0)=p(l)=p(2)=p'(2) = 0, (2.4) 

g(0)=g(l) = 0. (2.5) 

In particular, the condition p(0) = requires that N s = 4Nd and is always satisfied in 
supersymmetric theories. The finite Newton constant G is the function of the parameters 
of the constituents 



(2.6) 



2 Another discussion of black hole entropy in induced gravity can be found in 
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For N d > 1 and N s > 4 the equations (|2.4|) for masses of the constituents are consistent, 
while equations (|2.5|) are linear equations defining £ s . Relation ( [2.6| ) shows that some of 
the fields (heavy constituents) have masses comparable to the Planck mass. 

The heavy constituents are unobservable at low energies and their effective action 
W[(7 M „] is reduced in the low energy regime to the Einstein-Hilbert action 

W[g flu } = —-^—(fdVR + 2f dvK)+.... (2.7) 

107TG \Jm JdM J 

The dots in r.h.s. of ( |2.7| ) indicate higher curvature terms which are suppressed by the 
power factors of m^ 2 when the curvature is small. In order to make finite the terms which 
are quadratic in curvature one must consider a more general set of constituent fields with 
additional constrains imposed on them. For our problem, since we will be interested in 
Ricci-flat geometries, possible local 7?. 2 -terms give a pure topological contribution to the 
action which is irrelevant for our discussion. For this reason in what follows we omit such 
terms. 

The variation of Wfg^,,] gives the Einstein equations 

5W 1 

- -gWR = . (2.8) 

ogfw 2 

According to the Sakharov's equality ( |2.1| ) these equations in the induced gravity are 
equivalent to the relation 

(f^(x)) = 0, (2.9) 

where T^ u (x) is the total stress-energy tensor of the constituents. 

The value of the Einstein-Hilbert ( |2.7| ) action calculated on the Gibbons-Hawking 
instanton determines the classical free energy of the black hole, and hence gives the 
Bekenstein-Hawking entropy. The remarkable feature of the Sakharov's equality (|2.1| ) is 
that it allows one to rewrite identically the same classical free energy of the black hole in 
terms of average over the heavy constituents in the Hartle-Hawking state propagating on 
the black hole background. By using this representation it is possible to get an explicit 



expression for the Bekenstein-Hawking entropy in terms of constituents |l6 



S Bff = -J]TV fth A - X)2ir6 / (SV7^ • (2.10) 

i s JT - 

The thermal density matrix pi of the Rindler particles for constituents in the Hartle- 
Hawking state is 

e -P H Hi 

Pi = - YJT ■ ( 2 - U ) 

Tr e~ ' H i 

Here Hi are Hamiltonians of the fields and /3# is the inverse Hawking temperature. 
Equation ( [2.10] ) shows that S BH is related to the statistical-mechanical entropy Sr = 
— Y,i Tr pi In pi of the heavy constituents computed on the given black hole background^, 
3 The entropy Sr can be also interpreted as an entanglement entropy, see || , || , |io|| . 
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and also depends on the average of the square of the scalar field operators on the black 
hole horizon S. 

Note that each term — Tr pAnpi in (|2.10|) is positive and divergent. The last term in 
the r.h.s. of ( [2.10|) appears because of non-minimal couplings. Presence of such couplings 



in the scalar sector of the model is imperative in order to provide the ultraviolet finiteness 
of the Newton constant in the low-energy gravitational action. What is remarkable, the 
terms with non-minimal couplings exactly cancel all the divergencies in Sr so that r.h.s 



of ( 2.10 ) correctly reproduces the Bekenstein-Hawking entropy. 

Strictly speaking the Bekenstein-Hawking entropy is only the leading part of the r.h.s. 
of ( |2.10|) . Since the curvature 1Z of the spacetime does not vanish relation ( |2.10|) also 



contains the corrections of the order m~ 2 lZ. These terms are directly related to the 
higher order in curvature corrections to the Einstein-Hilbert action (|2.7|) . The masses of 
the constituents are very high and their modes are thermally excited only in the narrow 
region in the vicinity of the horizon. For the description of these modes we shall use the 
Rindler approximation and omit the curvature dependent corrections to — Tr pi In p, and 
((f) 2 ) that are of the same order m~ 2 TZ as the terms omitted in ( |2.7|) . 

After these remarks let us discuss the concrete mechanism of cancellation of diver- 
gences in ( |2.10| ). The partition function for a massive field with the mass rrii can be 
calculated explicitly in the limit when the curvature radius of the space-time is much 
larger then the Compton wave length of the field 

Tr e~ p6i ~ exp(-/i^ - Ui(J3)) (2.12) 

(see for the details Ref.[Q). Here is the temperature of the system measured at 



infinity, H \ is the Hamilton operator of the field in question, /ij is a parameter associated 
to the vacuum energy and 

Um = -g(m 2 ) ^A H . (2.13) 

Here A H = / s A /7<i 2 x is the area of the horizon. The function g{m 2 ) depends on the mass 
rrii of the field and it is given by the integral 

9 «>="<f (4^-'"** • (2 - 14) 

where D is the dimensionality of the space time and the factor rii is equal to 1 or 2 
for scalars and (4D Dirac) fermions, respectively. This integral is divergent and it has 



to be regularized by using, for instance, the Pauli-Villars |2T[ or the dimensional fL6 
regularizations. The function g{m 2 ) is important because it determines the statistical- 
mechanical entropy — Tr pi In pi of the given field evaluated at j3 = @h 

-TrpAnp t =(l-[3^ynTre-^=g(m 2 )^A H . (2.15) 
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On the other hand, the same function g{m 2 ) determines the average value of the scalar 
field {(f) 2 s ) on the horizon 

"(%)^cPx = g(m 2 s )A H . (2.16) 



E 



Now, if entropies — Tr /Sjln/Sj and averages ( 2.16Q are regularized according to the same 



scheme with the equal regularization parameters, the substitution of Eqs. (|2.15 ) and (|2.16| ) 



into Eq. Q2.10|) gives the Bekenstein-Hawking entropy in the induced gravity 



S BH = ±A H , (2.17) 
£ = j(D("»i)(l-6t)+E«) ■ (2-18) 



The Newton constant defined by ( |2.18| ) is ultraviolet finite, provided the constraints 
( |2.4| ) and ( |2.5| ) are satisfied, and after regularization is removed its expression is given 
by Eq. (|2.6|) . Formulas ( 2.17| ), ( |2.18| ) explicitly demonstrate the crucial role of the non- 



minimal coupling. It shows, in particular, that the total contribution of quantum fields 
to the black hole entropy can be finite only if £ s > for some constituents. 

3 Energy and Hamiltonian 

We discuss now how the non-minimal coupling of scalar constituents manifests itself in 
the black hole thermodynamics. For simplicity in what follows we consider a static black 
hole. The consideration can be easily extended to the stationary CclSG clS well. 

Let us recall that the complete background spacetime of an eternal black hole contains 
two Rindler-like wedges bounded by the Killing horizons. The Killing horizons intersect 
at the two dimensional bifurcation surface E. We shall use a foliation of the hypersurfaces 
£=const orthogonal to the Killing vector £ M that intersect each other at S. 

Quantum fields propagate on the complete space-time manifold, however in our statis- 
tical-mechanical calculations we restrict ourselves by considering only a part of the system 
located in one of the wedges. It is instructive first to discuss how this procedure manifests 
in the classical theory. We focus on a classical scalar field <fi with a non-minimal coupling 
with the scalar curvature R described by the action 

I[<t>] = ~\l (<^V + ™V + m 2 )V^9 d 4 x . (3.1) 



2 

The field obeys the equation 

□ 0-(m 2 + ^)0 = O , (3.2) 

where □ is the D'Alambert operator. The stress-energy tensor resulting from the variation 
of the action (|3.1| ) with respect to the metric is 



Tfju, = - -<7 M „ (0>' p + m 2 2 ) (iV - -g^ v R)f + g^{<P 2 )' P , P ~ 



. (3.3) 
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Denote by B a space-like hypersurface orthogonal to the Killing vector The energy 
E of the system is defined in terms of the stress-energy tensor (|3.3|) 



E = / T^do v = - I T °v^ d 3 x , (3.4) 

where da v is the future directed vector of the volume element on B. In the general case 
E differs from the canonical energy H that coincides with the Hamiltonian. The latter is 
expressed in terms of the Hamiltonian density TC 

H = [ H^g d 3 x , (3.5) 

JB 



where 

U = \ (-2°V 2 o + J%^j + K + ZRH 2 ) ■ (3-6) 
To compare E and H we note that in a static space-time 

-T o ° = H-^(i? o V 2 + ^(0 2 ) ;JJ ) • (3.7) 
The last term in r.h.s. of this equation can be rewritten as 

(0 2 U- = n0 2 - s oo (0 2 ) ; oo = g°° ((0 2 ),o,o - (0 2 ) ; oo) + -^=ft (V^ggVdjtf 



= - 7 L^( v ^^((0 2 ) J -0S))+V^0 2 . (3.8) 

Here w^ 1 = ^V^ln | c?oo I is a time-independent acceleration of the Killing observer. It can 
be shown that V^w^ = —Rq, so that for static space-times relation ( |3.7| ) takes the form 

— Tq—H — i-^dt (V=^^((0 2 ), i - <P 2 w 3 )) . (3.9) 



Then substitution of ( |3.9| ) into ( p.4| ) gives the required relation between the energy E and 
the canonical energy H 

E = H-t[ ds k bo| 1/2 ((0 2 ), fe -0V) • (3.10) 

Here ds k is a three dimensional vector in B normal to the boundary dB and directed 
outward with respect to B. Thus two energies differ by a surface term given on the 
boundary dB of the hypersurface B. 

Obviously, when one considers a complete Cauchy surface the boundary term in (|3.10| ) 
contains only a contribution from the spatial infinity, or from the external spatial bound- 
aries if they are present. For a field falling off at infinity or obeying suitable conditions 
at the boundary one can get rid of the boundary term and make E and H be equal. 

However, the situation is qualitatively different when we consider the theory only in 
one of the wedges. Then the integration region in E is restricted by the bifurcation surface 
S of the Killing horizon, where the field (f) can take arbitrary finite values. By assuming 
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that contribution from the spatial infinity or external boundary is absent one can write 
for the field regular at the horizon the following relation 



E = H-(3h 1 Q , (3.11) 

were fi^ 1 is the Hawking temperature determined by the surface gravity k of the black 
hole as fijj 1 = k/(2tt) and 

Q = 2tt£ j (j) 2 ^d 2 x . (3.12) 

We see therefore that the energy E computed for a domain restricted by the horizon 
differs from the canonical energy H by the quantity proportional to Q. 

It is reasonable to ask what is the relevance of quantities E and H from the point of 
view of black hole thermodynamics. To this aim one can consider the field on a black 
hole background and calculate its contribution to the entropy and energy of a black hole. 
A simple way to do this is to make use of Euclidean formulation of the theory on the black 
hole instanton with the arbitrary period /3 of the Euclidean time. The results obtained in 



such an off-shell approach coincide with the results of other methods [27|-[29|. If (3 ^ f3 E 
the background has a conical singularity and one can write the Euclidean action in the 
formQ 

I E [<f>, g^, /3] = ~ jf^ (V^, M + m 2 <f) 2 + £i# 2 ) y/=g d 4 x + 2tt£ - £-j jf <p 2 ^d 2 x . 

(3.13) 

Since for a static field configuration the bulk part of Euclidean action ( |3.13| ) is proportional 
to Hamiltonian ( |3.6j ) one can rewrite Eq. ( |3.13| ) as 

I E [<f>, 9llu , 0\=/3H + 2-Ki (l - ^ ^^d 2 x . (3.14) 

To derive the contributions AE and AS" of the scalar field to the mass and entropy of 
the black hole one just identifies (3~ l with the temperature and functional /3~ 1 Ie{/3) with 
the free energy. If the scalar field does not vanish at the horizon one has 

AE = -^I E [<f ) ,g flu ,(3}y =f3H = H-f3 H 1 Q , (3.15) 



&S=[f3—-l)l E l<P,g IMU ,P}\ f3=PH = -Q , (3.16) 




where Q is defined by Eq.( [3.12|) . Thus the energy AE appears as a part of total energy 
of the system. As one can see from (|3.15[) and (|3.16j ) the quantity Q contributes both 



to the mass and entropy of the black hole. Yet in the classical theory such contributions 
are absent when the field and metric obey the classical equations. This conclusion follows 



4 As earlier we omit the terms connected with the external boundary that might be present. They 
are not important for our consideration and, as was explained, they can be avoided by choosing the 
appropriate boundary conditions. 
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from the recent analysis by Mayo and Bekenstein [BJ who showed that for any value of 
the non-minimal coupling £ a stationary black hole has no massive scalar hair. 

The situation is quite different for a quantum field. Due to the presence of vacuum zero- 
point fluctuations the average (0 2 ) does not vanish. That is why quantum fluctuations 
of scalar fields on E manifest themselves in the black hole thermodynamics. Moreover, 
the contribution of a quantum scalar field to black hole entropy (|2.10| ) because of non- 
minimal coupling directly follows from fl3.16|) if one replaces the classical quantity Q by its 
quantum version Q = (Q) and takes the sum over all non-minimally coupled constituents. 



4 Soft modes 

Our aim now is to investigate the properties of the quantity Q. Because Q is defined 
strictly on E it is sufficient to consider only the behavior of scalar fields in the domain 
close to the horizon surface where the black hole metric can be approximated by the 
Rindler metric 

ds 2 = -K 2 p 2 dt 2 + dp 2 + (dz 1 ) 2 + (dz 2 ) 2 , (4.1) 

where k = 2n/ ' (3h- Our aim is to demonstrate that the value of Q is determined only by 
a contribution of Rindler modes with negligibly small frequencies. 

We begin with the analysis of Q in classical theory. A normalized solution of the 
classical Klein- Gordon equation in the Rindler space is |3C 



U^) = ^.k(t,pK lk ^ , (4.2) 
Ztt 

^, fc (t,p) = -^(sinh7r^) 1 / 2 ^( / i P )e- w , (4.3) 

where uj is the dimensionless frequency, p = (m 2 + k 2 ) 1 ^ 2 , j = 1,2, and K iuJ (x) is the 
modified (hermitean) Bessel function which vanish at p — > oo. An interesting observation 
concerning these modes is that only modes with negligibly small frequencies u contribute 
to the value of the field on the Rindler horizon. We call such solutions soft modes. Their 
behavior near the horizon follows from the asymptotic of the modified Bessel functions at 
small values of pp 



K iuJ (pp) 



2 sinh iruj 

By using the formula 



pp \ w 1 / pp 



T(iu! + 1) V 2 J Tl-iu + 1 V 2 



(4.4) 



sm(a;lna) it . ti . 

hm — = 5(x) , (4.5) 

a^o x 2 v ; ' v ; 

where the delta function is normalized on the half axis, one can define the limiting value 

of K iuJ (pp) as the distribution 

limtfi^p) = £<5(u;) • (4.6) 



12 



The consequence of ( |4.2| ) and ( ^4.6| ) is that in the presence of the non-minimal coupling 
classical energy and Hamiltonian are affected by the soft modes in the different way. 
Consider, for example, a wave packet (pAuit, p, z) which is constructed of soft modes with 
frequencies uj in the range (0, Auj). Let function <pA(j(t, P, z) be a solution of the Klein- 
Gordon equation of the form 

<P&»(t,P,z) = ^J duJ J d2k p)e~ ikjZ ' ' (j>Au(u){p(k) . (4.7) 
Here 0a<^(^) and (p(k) are some functions of ui and kj, and 

<f) AuJ (uj) = , if uj > Auj . (4.8) 

To have a non-zero value 4>Au>(t, p, z) at p — > we assume that 

2 

4>Aw{u) — , when uj — > . (4.9) 

V7ra; 

Then 

lim0 Aw (t,p,2;) = <p(z) , (4.10) 

where <p(z) is defined as 

ip{z) = — [d 2 k e~ ikizi (p{k) . 



2tt 

The canonical energy of this wave packet, given by the integral 

H[(f>^]=J doooo \<f>AM\ 2 j d 2 z\<p(z)\ 2 , (4.11) 

can be made arbitrary small as Auj — ► 0. On the other hand, the value of (f>Au> on the 
horizon does not vanish so that the energy E of the wave packet 

E[M = ^n^J d 2 z\uo{z)\ 2 (4.12) 

remains non-zero. 

We demonstrate now how the soft modes generate the Noether charge Q in quantum 
theory. Consider the quantum scalar field and calculate its correlator on the bifurcation 
surface £ (p = 0). The correlator for the canonical ensemble of the Rindler particles at 
the temperature is defined as 

Gp(x,x') = ${x)${x'))p = Tr [p(/3)0(x)0(x')l , (4.13) 



where p(/3) is the density matrix (|2.11| ) (where /3# is replaced by (3). Expression (|4.13| ) 
can be rewritten as 



o 



{<j>{x)(t>{x')) p = du d 2 k n u {/3) U: tk (x)U W)k (x') + (n u (j3) + l)^, fe (x)C7* k (x') 



(4.14) 



13 



where n^ifi) is the density of particles with the energy uo 

n u (J3) = (e KPu -l)~ 1 . (4.15) 
Eq.( |4.14D follows from the decomposition of field operators in the Rindler basis 

(j)(x) = duo d 2 k \u: tk (x)b + (uj, k) + U u>k (x)b(u, k)} , (4.16) 



and formula 

(b + (uo,k)b(uo\k'))p = 5(uo-uo')5 {2) {k-k')n UJ {(3) , (4-17) 

where b + (uo, k) and b(uj, k) are creation and annihilation operators of the Rindler particles. 
The restriction of the correlator Gp(x, x') on the bifurcation surface E is obtained in the 
limit when coordinates p and p' of its both points x and x' tend to zero. According 
to Eq. (|4.6p , the main contribution to the correlator in this limit is given by the modes 
with negligibly small frequencies to. The density number of such modes is singular and is 
approximated by the expression 



k(3uo 

So one finds for small p and p' 

G p (x,x') ~ — j— / d 2 ke ik ^ H du S -^^KU^p)KU^P') • (4-18) 

ZTT^K/J J JO UO 



The integration over uo can be done by making use of asymptotic (|4.4j) and property 
and the result reads 

/ du^^K iu {w)KUw') ^ —tH^ 2 ) ■ (4-19) 
Jo uo 4 

Here e is a constant with the dimensionality of a length, which is introduced to keep the 
expression in the logarithm dimensionless. In derivation of ( |4. 19 ) we omitted terms which 



do not depend on p. These terms give a contribution to Gp(x,x') on £ proportional to 
z — z') and vanishing when z ^ z' . Denote by Gp(z, z') the limiting value of Gp(x, x') 
on the bifurcation surface, where z and z' are the coordinates of the points x and x' on 
E. Because p? = m 2 + k 2 one finds from ( |4.18| ) the following expression 

G p (z, z') = -2(2^9 / d ' k eikiiZ ~ Z ' y ^ + ■ ( 42 °) 



When the arguments z and z' coincide the integral over k in expression ( f4.20| ) has to be 



regularized. This is a standard problem when one is dealing with the coincidence limit of 
Green functions. By assuming that such a regularization is carried out we find that the 
quantity Gp(z,z) determines a non-zero canonical average of the charge Q 

(Q)/3 = 2tt£ J^\z))p d 2 z = 2< Jjp(z,z)d 2 z . (4.21) 
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The results of our analysis can be summarized in the following way. In classical theory 
the quantity Q is determined by the Rindler modes with zero frequencies. This property 
also holds in the quantum theory where the average (Q)p is not zero because the density 
n u{fi) of the low-frequency modes is singular^. In fact one can conclude that only soft 
modes with uo <C 1 are responsible for the non-zero value of correlator ( f4.20| ). 



5 Spectral density of states of a black hole in induced 
gravity 

We return now to the problem of the statistical-mechanical origin of the black hole entropy 
in the induced gravity. Since the entropy of a black hole of mass M is S BH = 4nM 2 /G, 
one might expect that the density of states of such a black hole is [BI],[52 

AtxM 2 

vbh(M)AM ~ exp( — — — )AM . (5.1) 

The statistical-mechanical foundation of black hole thermodynamics implies the explana- 
tion of this degeneracy. Let us discuss how this problem can be solved in the induced 
gravity. We shall see that soft modes introduced in the previous Section play an important 
role in this discussion. 

In the "constituent representation" of the gravitational action we are dealing with the 
ultraheavy particles propagating in the given external background. The average energy 
of these particles is 

E=(E) = J (T Mi ,)CW = 0. (5.2) 

Hence the mass Mbh of the black hole measured at the horizon and the mass mea- 
sured at infinity are the same. This equality is the result of averaging over the states of 
the constituent fields. A particular mode of a quantum field contributes to the energy, 
and hence to the mass. This gives rise to the difference 

- M BH — AM — AE — J T^do v (5.3) 



determined by the differential mass formula [Q. If one fixes the mass of the system 
measured at infinity the mass of the black hole is not fixed but fluctuates near its aver- 
age value. The origin of these fluctuations (black hole mass "zitterbewegung") are the 
fluctuations of the quantum constituent fields in vicinity of the black hole. Moreover in 
the induced gravity the degeneracy flS.ip of the black hole can be related to the number 
v{E) of physically different states of constituents propagating in the black hole exterior 
and having the total energy E in the interval (0, AM). Namely, we have 

v BH (M) = v{E = 0) . (5.4) 



5 Note that this is a specific property of the boson fields and this is not true for the fields with Fermi 
statistics. 
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The problem of counting the states of constituents is technically much simpler. We 
suggest that "physical" states together with soft mode states form a complete set that 
can be identified with the space of Rindler modes. For this reason in order to obtain 
f(E) it is sufficient to find the corresponding spectral densities of states for the Rindler 
and soft modes. Strictly speaking to calculate the density of states one needs to know 
the properties of the system at the temperature different from the Hawking value, i.e. 
one must consider the so called "off-shell" configurations. However the " off-shellness" 
can be arbitrary small, and we shall see that only the properties of the states near the 
Hartle-Hawking equilibrium are really important. 



6 Spectral density of Rindler states 

We begin with analysis of the properties of the thermal canonical ensembles of Rindler 
particles^. Let Z R ((3) be the statistical-mechanical partition function of the complete 
set of scalar and spinor constituents of the induced gravity model propagating in the 
Rindler- like wedge 

Z R (0) = Tre- f>A = YlTne-P* . (6.1) 

i 

Here H — Hi is the total Hamiltonian, and Hi are the Hamilton operators for the each 
particular constituent. For the Hartle-Hawking vacuum {3 = fi H . We shall use subscript 
R to refer to quantities that are obtained by means of Z R {(3). 

The energy E R and entropy S R of the Rindler modes are defined as 

E r = ~\hZ r {0)\p=Ph , (6-2) 

Sr = -{^~^\*Z r {P)\m>h ■ (6-3) 
Another representation for these quantities is 



E R = {H) = Y,{Hi) = Y, T *i(PiHi) , (6.4) 

i i 

Sr = ~Y1 Tr i ^ m Pi ■ ( 6 - 5 ) 

i 

In (|6.4j) we made use of the thermalization theorem J30J according to that the statistical- 



mechanical average at (3 = (3h of the operators localized in the wedge is equivalent to the 
quantum-mechanical average in the Hartle-Hawking vacuum. 

The Rindler partition function Z R (j3) can be found explicitly jl6| and it is given by 
Eqs.( EETj ) and ( |2.13| ). It can be presented as 



Z R ((3) =exp(-/^ + /T%) . (6.6) 



6 Since we are dealing with a black hole the term "Boulware" might be more appropriate. We use a 
term "Rindler" both following tradition and in order to stress the nature of our approximation. 
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By making use of Eqs.( [2.l2 ) and ( |2.13| ) one finds that 



\ R = ^-S R = l -g{^Mf , (6.7) 
E R -HR = -^-S R = \gM , (6.8) 

where g = Y,i9ijnj). 

The spectral density v R {E) of the operator Hr is defined in the standard way 



1 r°° " 1 f°° 

u R (E) = Tr R 5(H-E) = — da Tr R e^ E ~^ = — da e iaE Z R {ia) . (6.9) 

Z7T J-oo Z7T J-oo 



The integration in ( |6.9| ) can be performed ||34|| . For E > fj, R one finds 

v R (E)=8{E-ti R ) + v R (E) , (6.10) 

/ \ \ 1 / 2 
a r 



~ Vr{E) = \E~JT R ) h[2^X R (E-f, R )j , (6.11) 

where I\{x) is the modified Bessel function. The function Z R (/3) is obtained from v R {E) 
with the help of the Laplace transformation 

roc 

Zr{l3) = e~^ R + / e-? E V R {E) dE . (6.12) 

It is possible to show that the spectrum of Hr is positive (fi R > 0). 

The function w R (E,/3) describing the probability density to find the energy of the 
corresponding canonical ensemble at the temperature (3~ l in the energy interval between 
E and E + dE is 

w R (E, (3) = Z R (py l v R (E)e-P E . (6.13) 

According to ( p.9| ), it is normalized to unity. 

We shall be interested in the probability density at the Hawking temperature w R (E) = 
w R (E, Ph)- Since E R — fx R X R X > and we are interested in the energy region near 
E R , we can use the asymptotics of the Bessel functions to obtain from ( |6.11| ) 



Wr ( E) ( ^ ^ V4 e fR{E) - pHE (6 14) 



f R (E) = 2y Xr{E — fi R ) . (6.15) 

Then it is easy to show that function fl6.14j ) can be approximated by a Gauss distribution 
with the center at E = Er. One can check with the help of Eq.( |6.6|) that near the 
maximum 

f R (E) - p H E ~ \nZ R ((3 H ) - {E ~f r) , (6.16) 



17 



where a\ = 4A#//3fj = g/2A. So that we have 



(E-E R ) 2 
72 



w R (E)~ -=e °r . (6.17) 

The parameter a R gives the width of the peak and it is of the order of magnitude of 
the mass-parameter, characterizing the cut-off scale. It depends on the regularization 



scheme. For instance, in the Pauli-Villars regularization |2T[ cfr is the largest mass of 
the auxiliary Pauli-Villars fields. The appearance of the ultraviolet cut-off in distribution 
( |6.14|) is explained by the fact that the function Z R {(3) has the ultraviolet divergencies 
which have to be regularized. 

One can easily obtain the Rindler density of states v R {E) at the peak of the probability 
distribution. Substituting (|6.14j) into ( |6.13|) one has 

vr(E r ) ~ex-pf R (E R )=expS R , (6.18) 

where S R = \gA H and A H = 16nM 2 is the surface area of the black hole. As expected 
the logarithm of v R (E R ) is the entropy of the canonical ensemble of the Rindler particles. 

7 Probability distribution and degeneracy of black 
hole states 

Let us establish now the relation between degrees of freedom of Rindler particles and 
excitation states of a black hole. First of all we note that by using Eqs. (|2.10|) and 
( |3.11|) one can relate the Rindler energy and entropy to the total average energy E and 



Bekenstein-Hawking entropy S BH 

S R = S BH + Q , (7.1) 
E r = E + (3h 1 Q . (7.2) 

Here 

Q = (Q} = 2nJ2^s9(m 2 s )A H . (7.3) 

s 

Since in the induced gravity on Ricci-flat backgrounds E = one has 

E R = (3 H 1 Q . (7.4) 



Substituting this relation into ( |6.8|) one defines the parameter [i R in the Rindler partition 
function ( |6.6|) . 

As we mentioned, at least some of the non-minimal coupling constants £ s must be 
positive. In what follows we assume for simplicity that all £ s > 0, and hence the charge 
Q is positive. The generalization to the case where this assumption is not satisfied is 
straightforward. 
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Relations ( |7.1| ) and ( |7.2| ) indicate that only part of the total energy and entropy of 
Rindler modes is responsible for thermal characteristics of a black hole. It suggests that 
the total system described by Rindler modes consists in fact of two independent parts, 
one is connected with "physical" degrees of freedom of the black hole, and the other is a 
subsystem of soft modes. The soft modes do not contribute to the canonical energy. In 
other words, one can add any number of soft modes to the given state without changing 
its Rindler energy. Therefore we identify the space of "physical" states with the space of 
Rindler states modulo the subspace of soft modes. We demonstrate that this identification 
correctly reproduces the degeneracy of the black hole mass. 

In accordance with relations ( |7. 1| ) and ( |7.2|) and our assumption the partition function 
obeys the factorization property 

Z R (P) = Z((3) Z Q ((3) . (7.5) 

Here Z(/3) and Zq(/3) are partition functions for "physical" and soft modes, respectively. 
Equations (|7. 1|) and ( \l.2\) follow from (|7T5|) provided 

(3 H 1 Q = --^\nZ Q ((3)\^ H , (7.6) 



Q = ~ )^Z q (P)\ p=(3h . (7.7) 




We recall that Q and Z R are divergent and so some regularization in ( [7. 5| ) is supposed. It 
is important that all three partition functions that enter this relation are regularized by 
using the same regularization scheme. Eqs. ( |7.6|) and ( \l.7\) imply that 

Zq(J3h) = 1 ■ (7-8) 
One can introduce the density of states v(E) for Z(/3) as 



1 poo 

u(E) = — / da e iaE Z{ia) , (7.9) 

Z7T J-oo 



so that 



POO 

Z(J3) = / dEe~ pE v{E) . (7.10) 

Similar relations are used to define vq{E) in terms of Zq(/3). We assume that v{E) and 
vq{E) are non- vanishing only for E > [i and E > /j,q, respectively, where /i and \Xq 
are some constants. Their value will be specified later. The factorization property ( |7.5| ) 
implies the following relation between the densities of states 

rE-HQ 

u R (E)= v(E)vq{E — E)dE . (7.11) 

J u 



We can also define by the relations similar to (|6.13|) the probability distributions w(E) 
and wq(E) for each of the subsystems at /3 = (3h ■ Then equation (|7.11|) and factorization 
formula (|7.5[) result in the following relation 

w R (E)= dE'w(E')w Q (E - E') . (7.12) 

J a 
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Important properties of the distribution wq for the soft modes are determined by Eqs. 
([7.6Q and (|7.7|) . Namely let us write 



v Q (E) = exp f Q (E) 



(7.13) 



and assume that the function Jq(E) grows at infinity slower than E. In this case the 
probability distribution wq(E) has a maximum at the point Eq where /q^Eq) = f3 H . 
Near this maximum 



w Q (E) 



exp 



{E-E< 



where Oq = ||/q(^q)|. Note that Eq. (|7.6|) can be rewritten as 



dE E w Q (E) . 



So by using the Gaussian approximation ( |7.14j ) we get 

Eg ~ P'hQ = E R 



(7.14) 



(7.15) 



(7.16) 



and Eq turns out to be the average energy for the canonical ensemble of the soft modes. 
On the other hand, Eq. (|7.8|) gives 



(7.17) 



f Q (E Q )~/3 H E Q . 
Consequently the density number of states vq(E) at the peak E = Eq is 

u Q (E) ~ exp((3 H E Q ) ~ exp Q . 



(7.18) 



According to the last equation the Noether charge Q can be interpreted as the entropy of 
the soft modes. 

In the Gaussian approximation ( |7. 14j ) equation ( |7.12| ) takes the form 



1 



( E — E ft) 



dE' w(E') 



(E-E'-Eq) 2 

=5 



(7.19) 



where Er ~ Eq. It follows from ( |7.19| ) that the probability distribution w(E) also has 
the Gaussian form 

w{E) =e~^ , (7.20) 



with the dispersion a 



0V7T 



2 2 2 

a =a R -a Q 



(7.21) 



Now by taking into account Eq. ( [7.8|) and the fact that the distribution of the soft modes 
has the peak at E = Eq we find from (|7.11|) 



v R {E) ~ v{E - Eq)vq{Eq) . 



(7.22) 
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The distribution ( [7.20 ) of the "physical" modes is centered at E — 0. The density of 
states at the maximum of the function w(E), according to ( |7.22| ) , is 



1/(0) 



exp(S' R - Q) 



vq( e q) 

By using relation ([7. 1|) one can rewrite this expression as 

A? 
AG 



i/(0) ~ exp = exp 



(7.23) 



(7.24) 



Thus we proved that the spectrum of the "physical" states correctly reproduces the de- 
generacy of black hole mass levels. Therefore the identification of the black hole states 
with the "physical" states is justified. As the result the distribution of the black hole 
mass induced by quantum fluctuations of the constituents is centered near the average 
value M and has the width a. 

The following arguments can be used now to obtain an additional information concern- 
ing the width o. By assuming that the function Zq(/3) has the temperature asymptotic 
similar to that of Zr(0), see Eq.(|6.6|), one can write 



Z Q (/3)=exp(-/^ Q + /r 1 A g ) . 
The parameters \iq and Aq can be found from Eqs.( |7.6|) and ( [7.70 



A<2 — I^PhQ 



2/3 



H 



-Q 



l 

2 



0H 



Using these relations we get 

Z Q ((3) = exp 

For this partition function erg = 4Aq/?# 3 — jJ2 s £,s9s 



(7.25) 



(7.26) 



(7.27) 



Hence, according to ( [7.21Q and 
1 



(7.28) 



32ttG 

In other words, the width a of the probability distribution of the black hole states does 
not depend on the regularization ambiguity, it is finite and proportional to the Planck 
mass rripi = G^ 1 ^ 2 . 



The factorization property (|7.5| ) together with (|7.27|) implies that Z(f3) has the same 
form as Zr{(5) and Zq{[3) and can be written explicitly as 



Z{(3) = exp 



s 



BH 



(7.29) 



The important property of the partition function of the "physical" degrees of freedom in 
the induced gravity is that it is defined entirely by the ultraviolet finite quantity S BH (at 
least in the one-loop approximation). So the function Z(/3), even if it is taken off-shell, 
i.e. for an arbitrary temperature is well defined and ultraviolet finite. 
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8 Soft modes and fluctons 



The degrees of freedom which enable one to single out "physical" states from the space 
of Rindler states are associated with the soft modes. Yet an explicit formulation of the 
black hole statistical- mechanics in terms of "physical" degrees of freedom is a non-trivial 
problem. To some extend this reminds the situation in the gauge theories where in general 
the constraints cannot be resolved explicitly. In many cases, however, it is sufficient to 
describe the physical space indirectly as a factorization of an extended space over the 
group of gauge transformations. In the functional integral such a factorization is realized 
by introducing the Faddeev-Popov ghosts. 

Let us make some additional remarks concerning the subsystem of the soft modes. We 
saw that these modes are located in the nearest vicinity of the horizon, thus their physics 
is two dimensional by its nature. Moreover we will demonstrate now that the charge Q 
can be expressed as an effective action of a two-dimensional quantum theory. 

To this aim we use representation ( [4.20 ) for the correlator of the scalar field on the 



bifurcation surface E. In the Hartle-Hawking state (/3 = (3h) formula (|4.20|) reads 

G{z,z') = -^{z\\n{{-Vl + m 2 )e 2 )\z') , (8.1) 

where — V| is the Laplace operator on S. Thus one can write 

2vr / (kz) 2 ) d 2 z = 2n [ Q(z, z) d 2 z = -- In det((-V| + m 2 )e 2 ) . (8.2) 
jt, Jt, 2 

The quantity W x = |lndet[(— V| + m 2 )e 2 } is identical to the effective action for a two- 
dimensional quantum field x defined on S. The functional W x can be rewritten as the 
Euclidean functional integral over the field \ 



e -w x 



J D[ X ] exp [-i / s ((Vsx) 2 + m 2 X 2 ) d 2 z 



•3) 



We call x flucton field to distinguish it from the original scalar field 0. The flucton field is 
the free field with the same mass m as the 4D field 0. According to Eq. ( |S.1| ), the quantum 
theory of fluctons is completely defined by the 4D correlator Q(z, z 1 ) on E. 
From (|8.3|) one obtains the representation for the charge Q 

Q = 27r£ / (4>(z) 2 ) d 2 z = -£W X . (8.4) 

As was shown in Section 7, the quantity Q coincides with the entropy of the ensemble of 
the soft modes (see Eq. ( |7.18| )). On the other hand, the integral ( p.3| ) can be interpreted as 
microcanonical partition function of the flucton fields and W x as the microcanonical free 
energy. Consequently, W x = — S x , where S x is the entropy of fluctons. These arguments 
enable one to represent the Noether charge in a pure statistical mechanical form 

Q = -£W X = £S X (8.5) 
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and relate it to the entropy of a microcanonical ensemble of two-dimensional fields x on 
The constant of the non-minimal coupling £ plays in ( |8.5| ) a role of the effective number 
of the flucton fields. 

To derive Eq. ( |3.5|) we used the Rindler approximation for the black hole geometry. 
It is possible to show (see Appendix) how to extend this two-dimensional interpretation 
to the case of arbitrary black hole backgrounds. 

9 Discussion 

We make now some general remarks concerning the derivation of the Bekenstein-Hawking 
entropy by counting the degrees of freedom of constituents in the induced gravity. First, 
let us compare the induced gravity with other theories. In general case one has for the 
observable value of the Newtonian constant G the following expression G^ 1 = G^^ + G^ 1 , 
where G" 1 is a (one-loop) quantum correction to the initial bare constant G^ re . In order 
to obtain the finite value of G one usually begins with the infinite quantity G^ re which 
absorbs the ultraviolet divergences. As the result in the expression for the black hole 
entropy besides the part A H / (4G g ) that can be connected with statistical mechanics 
there is always the term A / (4Gfe are ) having no clear statistical-mechanical meaning. In 
the induced gravity G^ re = and this problem is solved automatically. 

In order to have the correct Einstein low energy gravity with the finite observable 
Newton constant one must impose special constrains on the parameters of the fields 
inducing the gravity. In our particular model these requirements are satisfied because of 
the presence of the non-minimally coupled fields. The same set of constraints guarantees 
that the induced entropy of the black hole is also finite and coincides with the Bekenstein- 
Hawking entropy S BH . The entropy S BH can be obtained from the statistical- mechanical 
entropy of the constituents by subtracting the Noether charge Q of the non-minimally 
coupled fields. The same quantity Q determines the difference between the energy E of 
the fields in the black hole exterior and the value of their Hamiltonian (canonical energy) 
H. We showed that there exist a set of states (soft modes) that contribute to Q but do 
not contribute to H, so that the Hamiltonian for the Rindler particles is degenerate. By 
using the factorization of the space of states of the Rindler particles with respect to the 
subspace of soft modes we obtained the degeneracy of black hole states responsible for 
the Bekenstein-Hawking entropy. 

This mechanism is universal in the sense that it does not depend on the concrete 
choice of the set of scalar and spinor constituents and their properties provided the general 
constraints are satisfied. The concrete model of the induced gravity may differ from the 
one considered in this paper, and may contain, for example, finite or infinite number of 
fields of higher spins. However our consideration indicates that it is quite plausible that 
the same mechanism still works. 

The obtained statistical-mechanical representation of black hole entropy in the induced 
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gravity does not depend on the particular structure of the theory at the Planck energies. 
All the information about field species and masses of the heavy constituents in the low- 
energy limit is compressed in the Newton constant (|2.6| ). So any two microscopically 
different theories, that induce at low energies the same theory of gravity, predict the 
same entropy S BH for a black hole. The details and the way of statistical-mechanical 
calculations of S BH may depend on the type of the theory, but the results of calculations 
will coincide. The assumption that this happens in all theories having the Einstein gravity 
in the low energy limit was called in Ref . JTH] the low-energy censorship conjecture. 

It should be emphasized that we do not consider Sakharov's approach as a version of 
the final theory of quantum gravity. Certainly, it cannot compete with the superstring 
theory, which is considered as a modern candidate for quantum gravity theory. There 
are many indications that the superstring models give the correct answer for the black 
hole entropy by counting string degrees of freedom. But we would like to stress that the 
string calculations essentially use supersymmetry and usually deal with the black holes 
close to the extreme ones. Moreover for each model and type of a black hole the proof 
of the corresponding result requires new calculations and is often considered as a miracle 
(see e.g |37|]). 

Since the thermodynamical characteristics of macroscopical black holes are determined 
by a low-energy effective theory of gravity it is reasonable to suggest that there exists some 
mechanism that guarantees this universality. The models of induced gravity might be 
interesting as some kind of the phenomenological models in which many details concerning 
the underlying microscopical theory are lost, and only a few of its most important features 
are preserved. In particular in Sakharov's approach, as well as in the string theory, 
the gravity is the induced phenomenon and the Newton constant is ultraviolet finite. 
Our analysis indicates that namely these two features are sufficient for the statistical- 
mechanical explanation of the Bekenstein-Hawking entropy. That is why we believe that 
the proposed mechanism of black hole entropy generation may be of more general interest. 

Acknowledgements: This work was supported by the Natural Sciences and Engi- 
neering Research Council of Canada. 
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A Noether charge of a non- minimally coupled scalar 
field as a 2D effective action 



Let us consider the correlator of quantum scalar field 0, see (|3.1j ), on the bifurcation 
surface E of the black hole horizons 

(0(x(zmx(z'))} = g(z,z') . (A.l) 

As earlier Q(z,z') is the value of the Green G(x, x') function with its both arguments 
taken on S. The arguments z and z' are the coordinates of the points x and x' on E, 
analogous to the coordinates z on the Rindler horizon in metric ( |4.1|) . Here we will be 
interested in function ( |A.1| ) on a general black hole background. We assume that the 
quantum state is the Hartle-Hawking vacuum. Then function Q(z, z') has an Hadamard 



form and one can write for it the following Schwinger-DeWitt representation |35 

G(z, z') = A^ 2 (z, z') ds-^ e^ 11 ^ 1 -^ 3 (l + a x {z, z')s + a 2 {z, z')s 2 + ... 

(A.2) 

Here S is ultraviolet cut-off parameter, o{z — z') is the 4D geodesic distance between the 
points, and 

1 d 2 a(x, x') 

2 dx»dx' v 

is the Van Vleck determinant, the coefficients of the asymptotic expansion 

of the heat kernel of the scalar wave operator L = — □ + m 2 + £R, see Eq. ( [3 . 1|) . The 
integration contour in ( |A.2j ) can be chosen real. 

It is important to note that a two-dimensional geodesic on E is also a geodesic in the 
enveloping space-time. Indeed, because E is the fixed set of the Killing field, both second 
fundamental forms of E vanish. This is a necessary and sufficient condition for E to be a 



A(x,x') = -[g(x)g(xT 1/2 det ^ 



totally geodesic surface [p6| . Thus one can substitute instead of cr(z, z') in ( |A.2|) the 2D 



geodesic distance a-s(z, z') on E. Let us consider now a two-dimensional operator 

O s = -V| + m 2 + V[K] , (A.3) 

where — V| is the Laplacian on E, and V[1Z] is a "potential" which may depend on the 
scalar curvature i?s of E, and an external geometry in the vicinity of this surface. The 
matrix element of the heat kernel of Os has the following asymptotic form 

(z\e- s °-\z') ~ A f A {Z \ Z>) e-^~ m2s (l + a^(z, z')s + a^ 2 (z, z')s 2 + ...) , (A.4) 

(47TS) v ' 

1 /2 

where a-s^z, z') and A E (z,z') are the heat kernel coefficients and the Van Vleck deter- 
minant on E, respectively. 

Suppose now that the potential V[R] of the operator (|A.3| ) on E can be chosen so that 



ai(z,z') ~ a^Az, z') . (A.5) 
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Then by comparing ( |A.4| ) with ( |A.2| ) and taking into account that £ is a totally geodesic 
surface one finds that 

r°° ds , 



Q(z,z') 



=,/(*.*') 



An 



ze 



4-7T 



(z\lnO s \z') 



(A.6) 



Here the logarithm of the operator is understood gularized quantity, in the same 

way as the correlator (A. 2). The function f(z,z') is defined as 



For a spherical horizon the curvature decomposition of f(z,z') looks as 



(A.7) 



f(z,z') 



(Tf [Z, Z 
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(A.8) 



where nf are two unit orthogonal vectors which are normal to E. The r.h.s. of ( |A.6| ) 
enables one an interpretation in terms of two-dimensional quantum theory of flucton field 
X on S. Indeed, f(z, z) = and 

~Jjz\\nO s \z) v ^d 2 z = hndet(-Vl + m 2 + V[n]) = W x { 1 ] . (A.9) 

The functional has the meaning of an effective action. It is expressed in terms the 

Euclidean path integral as 



-W x [<y) 



D[x}exp 



~ JjX% + (ml + V[n]) X 2 )Vl d 2 z 



(A.10) 



where D[x] is a covariant measure. From ( A.9 ) one finds the representation of the Noether 
charge in terms of the effective action of flucton field x 



Q = -tw x [i\ 



(A.11) 



Formula ( |A.11| ) is the generalization of Eq. ( |8.4| ) obtained in Section 8 in the Rindler 
approximation. 

Let us note that in the case of the Rindler space V[R] = 0, f(z,z') = and basic 
equality ( |A.6 ) holds exactly. However, developing flucton theory on a general background 
is a more difficult problem. Such a theory may even not exist in a local form, if the 
relations ( |A.5| ) are not satisfied for 2D dimensional elliptic operators. However, this is 
not an obstruction for the models of the induced gravity based on the assumption that 
the Compton wave length A of the heavy constituents is much smaller than the curvature 
radius of the background space. Because the field correlators vanish when a(z, z') ^> A, 
it is possible to satisfy Eq. (|A.5|) only approximately for the first coefficients and in some 
order in curvature. Moreover, to find the contribution to the Bekenstein-Hawking entropy 
( P-10| ) it is sufficient to calculate (0 2 ) by neglecting the curvature effects at all. That is 
why the Rindler approximation was justified in our analysis. 
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